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Abstract

Focus on Questions 3, 4 and 7 of exam paper 2.
Question 3,4 & 7: Analytical Geometry

1.1 Analytical Geometry

1.1.1 Crucial Revision

You’ve been building your geometry repertoire since grade 10 and a lot of these skills will be
tested in your finals, luckily most of the equations you will use is provided on your formula
sheet. Lets look at these equations and some corresponding questions.

Distance:

The distance between two points can be calculated by the following equation:

d =
p

(x2 � x1)2 + (y2 � y1)2

where d represents the length between two points. You can take any point to be point
one and the other point two, but once you have made your selection you must keep to it.
Lets consider the following example. (The following sketch from a past paper will be used to
revise previous work, some questions are not from the past papers but still rely n the sketch.)

EXAMPLE 1
[From past paper 2, February 2015, Q3]

In the diagram below points P (5; 13), Q(�1; 5) and S(7, 5; 8) are given. SR||PQ where
R is the y-intercept of SR. The x-intercept of SR is B. QR is joined.

Calculate the length of PQ. (Q:3.1 [3 marks]).
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Figure 1: Diagram from past paper Feb 2015, Q3

Calculate the length of PS on your own (answer provided at the back of notes).

Midpoint:

The midpoint (M) is the middle of a line segment and can be calculated in the following
way:

M(xM ; yM) = M

✓
x1 + x2

2
;
y1 + y2

2

◆
.

When asked to calculate the midpoint you will be supplied with the coordinates of two
point (or calculated in a previous question). In the equation you can see that there is once
a again distinguished between these two points by identifying one to be point 1 and the
other to be point 2. In this case, losing track of this choice will not cause a problem as the
equation requires you to add the respective coordinates.

Calculate the midpoint of PS.

Calculate the midpoint of PQ on your own.

Gradient:
We have had a lot to do with gradients in our paper 1 workshops regarding functions

and calculus. We saw that the first derivative of a function yields the gradient as well as the
value for m in y = mx+ c. Lets revise the equation for m,
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mAB =
yB � yA

xB � xA
.

Once again we are subtracting the corresponding coordinates thus we need to keep track
of our points again. The easiest way to keep track is to write the names of the points as
subscripts in the place of A and B. Lets take a look at Q3.2 linked to figure 1.

Calculate the gradient of PQ.
Calculate the gradient of PS on your own.

The angle of inclination:

The angle of inclination is the angle between a line either intercepting or touching the
x-axis and the x-axis. The angle is measured from the x-axis towards the line, with the
angle being within the boundaries (0�; 180�). Let ✓ be the angle of inclination between the
line AB and the x-axis, then the following holds,

tan ✓ = mAB.

This is true since a vertical line can be drawn any where connecting the line AB and the
x-axis, creating a right angled triangle which allows the use of our trigonometric functions.
Lets solve for ↵ in figure 1.

We already made use of a property of parallel lines when noting that PQ||SR means
mPQ = mSR. Lets list three properties of line and point orientation:

• Parallel lines: ifm1 = m2 then the lines with these corresponding gradients are parallel.

• Perpendicular lines: if m1 ⇥m2 = �1 then the lines with these corresponding gradi-
ents are perpendicular. (Can also be denoted as AB ? CD or have a square drawn
connecting the two lines indicating a 90� angle.)

• Collinear points: if three points (AB and C) are said to be collinear then they are all
orientated in a straight line with respect to each other and mAB = mAC = mBC .

These properties are all very important as they more than often hold the key to missing
information when you encounter a question where you suspect you are not given enough
information. Next we need to revise some straight line properties and equations.

• When the gradient and the y-intercept of a line is known then you can make use of the
familiar straight line equation to express the equation of the line:

y = mx+ c.
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• If you are given the gradient of a line and a coordinate of a point that lies on that line,
the you can make use of the following equation to express the equation of the line:

(y � y1) = m(x� x1),

with the point on the line denoted as P (x1; y1).

• A horisontal line will always have a gradient equal to zero (m = 0), and is expressed
by the equation y = c, where c denotes the y-intercept.

• A vertical line will always have an undefined gradient and is expressed by x = #, where
the # denotes the x-intercept.

Lets solve the rest of the questions from the past paper regrading figure 1.

(Q3.3) Determine the equation of line RS in the form ax+ by + c = 0.

Using the familiar equation y = mx+ c will yield the same solution. I will leave it to you
to solve on your own (answer at the back).

(Q3.4) Determine the x-coordinate of B.

(Q3.5) Calculate the size of OR̂B.

1.1.2 Properties of Polygons

Polygons have three main properties we deem important:

• The length of the sides of the shape.

• The number of sides of the shape.

• The angles between the sides of the shape.

Polygons are often named after the number of sides they have. We will examine the main
polygons and their properties (some of this content will overlap with Euclidean Geometry).

Three sides - Triangle

A triangle is a closed figure made up of three line segments.

• The three angles of any triangle add to 180�.

• An exterior angle of a triangle is equal to the sum of its interior opposite angles. This
is called the exterior angle property of a triangle.
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Figure 2: Exterior angle [1]

There are quite a few di↵erentiation’s between triangles and they are categorised by two
main characteristics, their sides and their angles.

Sides

• Equilateral triangle: When all three line segments of a triangle are equal lengths then
it is a equilateral triangle. Since all the sides of this triangle are equal it implies that
all the angles are also equal, thus there are two very distinct properties to identify an
equilateral triangle with.

Figure 3: Equilateral triangle [2]

• Isosceles triangle: When two of the sides of a triangle have equal lengths then it is
a isosceles triangle. Having two equal sides mean that two of the angles will also be
equal to each other.

Figure 4: Equilateral triangle [3]
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• Scalene triangle: A scalene triangle have three di↵erent length sides and thus three
di↵erent angles.

Figure 5: Scalene triangle [4]

Angles

• Acute-angled triangle: When all three angles of a triangle are less than 90� then it is an
acute triangle. This means that all equilateral triangles are acute triangles and when
the condition of the the angles being < 90� is satisfied then an isosceles and scalene
triangle CAN also be acute triangles.

Figure 6: Acute-angled triangle [5]

• Obtuse-angled triangle: Any triangle that has one obtuse angle is an obtuse triangle.
It should be fairly obvious that a triangle can only have one obtuse angle and not
more. If the condition is satisfied that one angle is > 90� then a isosceles and scalene
triangle CAN also be an obtuse triangle.

• Right-angled triangle: Lastly a right angled triangle is the familiar triangle from
trigonometry, which is a triangle that has one angle that is exactly equal to 90�.

Four sides - Quadrilateral

A four sided polygon includes shapes like squares, rectangles and rhombuses and can be
categorised according to the length of their sides and the angles between their sides. The
sum of the four angles of a quadrilateral is equal to 360�.

• Square: A square has four equal sides and four equal angles all equal to 90�.
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Figure 7: Obtuse-angled triangle [6]

• Rectangle: A rectangle, much like a square, has four 90� angles but unlike a square it
has two sets of equal sides.

• Rhombus: A rhombus has four equal sides and two sets of equal (non-right, 6= 90�)
angles. The diagonals of a rhombus bisect each other.

• Parallelogram: A parallelogram is a rhombus without four equal sides. Instead a
parallelogram has two sets of equal sides. The diagonals of a parallelogram also bisect
each other. Here is a representation of the di↵erence.

Figure 8: Visual di↵erence between a parallelogram and a rhombus [7]

• Trapezium: The main characteristic of a trapezium is that one pair of sides are parallel.
A further distinction can be made between a trapezium with a set of equal sides (and
thus two sets of equal angles as well) known as an isosceles trapezium.

• Kite: A kite is a quadrilateral with two distinct pairs of adjacent sides that are con-
gruent. Furthermore the diagonals of a kite meet at a right angle and they have only
pair of opposite angles that are congruent.

Five, six and eight sides

Pentagon
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Figure 9: Visual di↵erence between a trapezium and an isosceles trapezium [8]

Figure 10: Kite [9]

A (regular) pentagon has five sides and five equal angles of 108� each. Thus the sum of
a pentagons angles equate to 540� (can be applied to irregular hexagons but I doubt it will
be tested). When connecting each angle to the center point, you obtain five triangles with
each central angle measuring at 72� (the center can be thought of as a circle thus dividing
it by five yields 72�).

Figure 11: Pentagon [10]

Hexagon

A (regular) hexagon has six sides and six equal angles of 120� each. Thus the sum of a
hexagons angles equate to 720� (can be applied to irregular pentagons but I doubt it will be
tested). When connecting each angle to the center point, you obtain six triangles with each
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central angle measuring at 60� (the center can be thought of as a circle thus dividing it by
six yields 60�).

Figure 12: Hexagon [11]

Octagon

A (regular) octagon has eight sides and eight equal angles of 135� each. Thus the sum of
a octagons angles equate to 1080� (can be applied to irregular octagons but I doubt it will
be tested). When connecting each angle to the center point, you obtain eight triangles with
each central angle measuring at 45� (the center can be thought of as a circle thus dividing
it by eight yields 745�).

Figure 13: Octagon [12]

This is quite a condense summary of all the important polygons you need to know. Study
this content in such a way that you can identify a shape due to its characteristics and so
that you know which characteristics are paired with a certain shape, if given a shape and
asked to answer questions concerning it.

Refer back to figure 1. The final question to this example reads as follow: (Q3.6) Prove
that QBSP is a parallelogram.
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There are a few ways to prove that QBSP is a parallelogram. One way would be to solve
for the length of BS and compare it to the length of QS. This will su�ce since it is already
given that PQ||BS thus we only need to show one pair of opposite sides are equal.

BS =
p
(x2 � x1)2 + (y2 � y1)2

=

s✓
15

2
� 3

2

◆2

+ (8� 0)2

= 10

PQ||BS and PQ = BS, thus PQBS = parallelogram (1 pair opposite sides equal and
parallel).

You could also have shown that:

• The diagonals bisect each other by using the midpoint equation.

• Both pairs of opposite sides are parallel.

• Both pairs of opposite sides are equal.

1.1.3 Everything about circles

Circles are a major part of geometry and supply a lot of information regrading a diagram.
Lets start with the most basic circle, a circle who’s middle point is situated at the origin.
The equation for such a circle is,

x
2 + y

2 = r
2
.

This equation can be obtained by applying the distance formula from the origin O(0; 0)
and any point on the circle denoted by P (x; y), thus equating the distance of the radius.

r =
p

(x2 � x1)2 + (y2 � y1)2

r =
p

(x� 0)2 + (y � 0)2

r
2 = x

2 + y
2

Lets look at an example of possible questions.

EXAMPLE 2

Consider the circle with the equation x
2 + y

2 = 17. There is point on the circle denoted
by P (b;�

p
8). Determine the possible values for b and all x� and y�intercepts.

Determine b.
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Figure 14: Circle x
2 + y

2 = 17

Determine all x� and y�intercepts.

Next we will take a look at circles that are NOT centred at the origin. If we assume the
centre point to be C(a; b) and again assume P (x; y) to be any point on the circle, we can
once again make use of the distance formula to establish the equation of the circle.

r =
p

(x2 � x1)2 + (y2 � y1)2

r =
p

(x� a)2 + (y � b)2

r
2 = (x� a)2 + (y � b)2

EXAMPLE 3

Consider the equation (x� 4)2 + (y + 3)2 = 18. Determine the co-ordinate of the centre
of the circle and the length of the radius.

Finally we must discuss theory regarding lines dividing, intercepting and touching circles,
this means lines like chords, secants and tangents. Take a look at Figure 15 representing a
circle and possible lines.

• Diameter: A straight line passing from side to side through the centre of a circle.

• Radius: Any line that starts from the centre point and ends somewhere on the circle.

• Tangent: The tangent is always perpendicular to a radius of the circle and only touches
the circle at a single point.

• Chord: A chord of a circle is a straight line segment whose endpoints both lie on the
circle.

• Secant: A secant is a straight line that cuts through a circle at two distinct points.
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Figure 15: Circle with multiple lines

A very common question is to determine the equation of a tangent line to a circle at a
certain point. Lets look at an example.

EXAMPLE 4

Consider the equation of a circle (x� 3)2+(y+1)2 = 10. Calculate the tangent line that
passes through the point P (4; 2).

1.1.4 Past paper examples

EXAMPLE 5
[From past paper February 2015 Q4]

In the diagram below, the circle centred at M(2; 4) passes through C(�1; 2) and cuts the
y�axis at E. The diameter CMD is drawn and ACB is a tangent to the circle.

Figure 16: Q4 from past paper February 2015
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1. Determine the equation of the circle in the form (x� a)2 + (y � b)2 = r
2.

2. Write down the coordinates of D.

3. Determine the equation of AB in the form y = mx+ c.

4. Calculate the coordinates of E.

5. Show that EM is parallel to AB.

EXAMPLE 6
[From past paper February 2016]

In the diagram below, P (1; 1), Q(0;�2) and R are the vertices of a triangle and PR̂Q = ✓.
The x�intercepts of PQ and PR are M and N respectively. The equations of the sides PR

and QR are y = �x + 2 and x + 3y + 6 = 0 respectively. T is a point on the x�axis, as
shown.

Figure 17: Q3 from past paper February 2016

1. Determine the gradient of QP .

2. Prove that PQ̂R = 90�.

3. Determine the coordinates of R.

4. Calculate the length of PR. Leave your answer in surd form.

5. Determine the equation of a circle passing through P,Q and R in the form (x� a)2 +
(y � b)2 = r

2.

6. Determine the equation of a tangent to the circle passing through P,Q and R at point
P in the form y = mx+ c.
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7. Calculate the size of ✓.
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