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Abstract
Focus on Questions 5 and 6 of exam paper 2.

Questions cover trigonometry.

1.1 Trigonometry

1.2 Theory

Your weapons in trigonometry are the skills you can study (memorize) to equip you in the
battlefield which is finals. This includes a list of identities, special angles and the knowledge
of graphs. These concepts will be revised in the workshop but the responsibility remains
yours to remember the theory by whatever means suits you best, whether that be repetitive
writing or talking or creating stories to remember the equations. You follow the method
that works for you.

What are trigonometric functions?
They are functions that relate an angle of any 90� (right-angled) triangle to a ratio of two

lengths that are associated to that triangle. In order to do this we need define a right-angled
triangles in a general way that can be applied to all other right-angled triangles. We will
define every right triangle as shown in figure 1.

Figure 1: General definition of a right-angled triangle [1]
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Next we need to define each trig function in terms of these general terms.

sin x =
Opposite

Hypotenuse
=

O

H

cos x =
Adjacent

Hypotenuse
=

A

H

tan x =
Opposite

Adjacent
=

O

A

And the reciprocals:

1

sin x
= cscx =

Hypotenuse

Opposite
=

H

O
1

cos x
= secx =

Hypotenuse

Adjacent
=

H

A
1

tan x
= cotx =

Adjacent

Opposite
=

A

O

If you are able to remember OAO over HHA then you can remember all these relationships
as portrayed in figure 2

Figure 2: Trigonometric relationships

The trigonometric ratios can also be expressed in terms of x- and y-values when repre-
sented on a Cartesian axis as in figure 3.
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Figure 3: Trigonometric ratios on a cartesian axis [3]

The sign of the ratio depends on the signs of the x and y since r is always positive. We
know that quadrant 2 and 3 have negative x-values and quadrant 3 and 4 have negative
y�values exactly like the standard cartesian axis. It is also important to note that certain
trig functions remain positive in specific quadrants i.e the cosine function is positive in the
4th quadrant since it is the negative associated with the y�value that is responsible for the
other negative ratios, but since cosine is not dependant on y the ratio remains positive. A
similar reasoning can be applied to the sine function in quadrant 2. Tan is positive in the
third quadrant since its ratio consists of both x and y and both of these coordinates are
negative in this quadrant, thus dividing a negative value by another negative value results
in a positive value. The positions of the positive trig functions can be remembered by the
cast diagram in figure 4.

Figure 4: Cast diagram [4]

Since trig functions are only applicable to right-angled triangles we need to discuss the
process to relate this to angles greater than 90�. Lets consider the angle ✓ = 120�. In order to
apply any trig functions to this angle it has to be less than 90�, but any angle can be written
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as a summation or a subtraction of some factor of a 90� angle and an acute angle (acute - less
than 90�). Thus ✓ can be rewritten as ✓ = 90� + 30� or ✓ = 2⇥ 90� � 60� = 180� � 60�. Due
to the periodic nature of trig functions they can be applied part of the combined angle that
is less than 90� and still yield the correct answer with the provision that you keep track of
the signs associated with that quadrant. The interpretations of these rewrites happen very
smoothly when done in factors of 180� but there arises another problem when transforming
across the 90� and 270� line (y-axis). This problem is associated with the sine and cosine
functions but due to their relation to each other they hold the key to each others solution.
Lets illustrate this by considering the angle � = 134� and determine sin�. Firstly � can be
rewritten as,

� = 180� � 46� � = 90� + 44�.

Now lets look at the results of these values,

sin� = sin 134�

= 0, 7193398.

Compared to,

sin 46� = 0, 7193398 sin 44� = 0.69465837.

As stated earlier, interpreting an angle expressed as a factor of 180�± acute angle is
a smooth process as it yields the same answer as the acute angle would on its own. The
problem, as expected, arise when combining acute angles with 90�. Upon further inspection
the answer of sin 44� = 0.69465837 is in fact the complement to sin 46�. What does the com-
plement mean? When considering a right-angled triangle the two angles not equal to 90� are
each others complement, thus complementary angles sum to 90�. Next we will incorporate
the theorem:

The sine of any acute angle is equal to the cosine of its complement.

This implies if � and  are complementary angles then,

sin� = cos .

Thus when considering an angle rewritten in the form ✓ = (90�±A), where A represents
any acute angle, the acute angle A can be used to solve trig functions applied to ✓, by making
use of the complementary function. Consider sin ✓ with ✓ = 127�, then the following holds,

sin ✓ = sin 127�

= sin (90� + 37�)

= cos 37�

= 0.7986355.
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Note that sin 37� = 0.601815 which is NOT equal to sin 127�. Another example would be
of an acute angle being rewritten as A = (90� � B) and using the complementary function
on angle B which is the complement of angle A. This is quite the unnecessary process but
it is worth understanding. Consider cos ✓ with ✓ = 52�, then the following holds,

cos ✓ = cos 52�

= cos (90� � 38�)

= sin 38�

= 0.615661.

This same process is followed when an angle is rewritten as ✓ = (270� ± A), where A
is any acute angle. Thus any angle being rewritten using a coordinate on the y-axis will
require the application of this method.

Next we need to consider helplines for calculations that require us to solve problems
WITHOUT the use of a calculator. These helplines are called special triangles and iden-
tities. Figure 5 represents these special triangles.

Figure 5: Special triangles [4]

These triangles can be scaled to a larger size by multiplying the length of each side by
the same constant factor. If this factor is less than one then the triangles will be scaled
to a smaller size. Figure 5 represents the general lengths of the sides associated to these
angles. It is also worth noting that if ever the length of a certain side is forgotten it can be
determined by applying Pythagoras’s theorem. [If you need to demonstrate then do so, but I
doubt this will be necessary.] We will get to the examinable question that are dependant on
the special triangles, but for now just know the ratios of trig functions of the angles 30�, 45�

or 60� can be read o↵ from these diagrams i.e
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sin 60� =

p
3

2

cos 45� =
1p
2

tan 30� =
1p
3

sec 60� =
2

1
.

Next we need to take a look at the previously mentioned identities. These identities
can be applied to a wide range of problems to simplify the equations. These problems can
include the use of compound angles, single angles or double angles. We will only discuss
the identities which you might be tested on but know that there are quite a few more if you
consider to continue with math after school.

Identities

Quotient identity:

tan ✓ =
sin ✓

cos ✓
,

for any ✓. Note that the following still applies, cos ✓ 6= 0, since you may never divide by
zero, trig is no exception.

Square identity:

sin x2 + cosx2 = 1

From this equation we can also deduce,

sin x2 = 1� cos x2

cos x2 = 1� sin x2,

which is also frequently used.

Compound angles:

Compound angle identities are of the utmost importance since cos (✓ + �) 6= cos ✓+cos�.
But the following is true,

cos (A± B) : cos (A+B) = cosA cosB � sinA sinB

cos (A� B) = cosA cosB + sinA sinB

sin (A± B) : sin (A+B) = sinA cosB + cosA sinB

sin (A� B) = sinA cosB � cosA sinB.
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These compound equations are given to you on your formula sheet and are very useful
so do not forget about them.

Double angles:

Double angles are exactly what the name implies, twice a certain angle. These formulas
are also given to you on your formula sheet so once again do not forget to use them.

sin (2↵) = 2 sin↵ cos↵

Also,

cos(2↵) =

8
<

:

cos↵2 � sin↵2

1� 2 sin↵2

2 cos↵2 � 1.

Any of these double angle formulas can be proved by substituting the expressions of the
compound angles and square identity into the LHS i.e

cos(2↵) = cos(↵ + ↵)

= cos↵ cos↵� sin↵ sin↵

= cos↵2 � sin↵2.
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1.3 Example questions from past papers

EXAMPLE 1
[From past paper 2, February 2014, Q8][18 marks]

1. If sinA = 3
5 and cosA < 0, determine, WITHOUT using a calculator, the value of:

(a) sin�A

(b) tanA

2. If cos 34� = p, WITHOUT using a calculator, write down the following in terms of p:

(a) cos 214�

(b) cos 68�

(c) tan 56�

3. WITHOUT using a calculator, determine the value of the following expression:

cos 350� sin 40� � cos 440� cos 40�

EXAMPLE 2
[From past paper, February 2014, Q11][18 marks]

1. Consider the function: f(x) = 3� 2 sin x2

(a) Determine the range of f .

(b) For which values(s) x, x 2 [�180�; 180�], will f have a minimum value?

2. (a) Show that 1� cos (2Q) = 2 sinQ2.

(b) Given: P̂ + Q̂+ R̂ = 180�

i. Show that sin (2R) = � sin (2P + 2Q).

ii. Hence, show that sin (2P ) + sin (2Q) + sin (2R) = 4 sinP sinQ sinR.

EXAMPLE 3
[From past paper 2, 2014 Exemplary test, Q5][22 marks]

1. Given that sin↵ = �4
5 and 90� < ↵ < 210�. WITHOUT using a calculator, determine

the value of each of the following in its simplest form:

(a) sin (�↵)
(b) cos↵

(c) sin (↵� 45�)
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2. Consider the identity: 8 sin (180��x) cos (x�360�)
sinx2�sin (90�+x)2 = �4 tan(2x)

(a) Prove the identity.

(b) For which values(s) of x in the interval 0� < x < 180� will the identity be unde-
fined?

3. Determine the general solution of cos (2✓) + 4 sin ✓2 � 5 sin ✓ � 4 = 0.

EXAMPLE 4
[From past paper 2, November 2015 Q5][24 marks]

1. Given that sin 23� =
p
k, determine, in its simplest form, the value of each of the

following in terms of k, WITHOUT using a calculator:

(a) sin 203�

(b) cos 23�

(c) tan(�23�)

2. Simplify the following expression to a single trigonometric function:

4 cos (�x) cos (90� + x)

sin (30� � x) cosx+ cos (30� � x) sin x

3. Determine the general solution of cos (2x)� 7 cosx� 3 = 0.

4. Given that sin ✓ = 1
3 , calculate the numerical value of sin 3✓, WITHOUT using a

calculator.

EXAMPLE 5
[From past paper 2, November 2015, Q6][8 marks]

In the diagram below, the graphs of f(x) = cos x + q and g(x) = sin (x+ p) are drawn
on the same system of axes for the �240�  x  240�. The graphs intersect at

�
0�; 12

�
,

(�120�;�1) and (240�;�1).
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Figure 6: Q6 from past paper 2, November 2015

1. Determine the values of p and q.

2. Determine the values of x in the interval �240�  x  240� for which f(x) > g(x).

3. Describe a transformation that the graph of g has to undergo to form the graph of h
where h(x) = � cos x.
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