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Abstract

Focus on Questions 1, 2 and 3 of exam paper 1.

Question 1: Algebra

Question 2 & 3: Sequences and Series

1.1 Algebra

Types of questions:

• Solve for x (equalities)

– Use factorization

– Use formula

• Solve for x (inequalities)

• Solve for x (exponential)

• Simplify equations

• Solve simultaneous equations

• (Some questions better suited for the theory of functions)

1.1.1 Solve for x (equalities)

Consider any quadratic polynomial ax2 + bx + c = 0. A quadratic polynomial represents
a parabola. Evaluating a statement consisting of a quadratic polynomial set equal to zero
means that we are solving for the specific x�values for which that parabola is equal to zero.
Depending on the position of your parabola on the x � /y�axis you will either have zero,
one or two solutions. These solutions are also known as roots. The visual representation of
these solutions are depicted in Figure 1:
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(a) Two solutions (b) One solution

(c) No solutions

Figure 1: Solutions for parabolas of the form ax2 + bx+ c = 0

Luckily You do not have to know before hand how many solutions a certain parabola
will have or exactly where it lies on your axes, by solving the equation algebraically it will
become clear.

How do I solve algebraic equations?

Linear: This is the simplest form. A straight line function that can obviously just have
one value for which f(x) = 0 since a straight line can only cross the x� axis once. To solve
the equation you simply isolate your x � variable on the LHS of your equation and your
numerical value on the RHS.

EXAMPLE 1

7x� 3 = 2x+ 12

Quadratic: Ultimately you wish to solve the equation of the form ax2 + bx+ c = 0, but
that does not mean the equation is asked in that form. Thus you will first have to apply
algebraic rules to get the equation in the correct form. Some examples of what you might
encounter:

EXAMPLE 2

x(x� 5) = �4

EXAMPLE 3
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3� 7

x
+ 9x = 5

EXAMPLE 4

(x� 5)(x+ 2) = 6

EXAMPLE 5

�5x2 + 7x� 2 = 0

EXAMPLE 6 (Important)

p
x� 1 + 7 = x

EXAMPLE 7

x� 2x1/2 = 3

Your next step will be to solve the equation. You will either solve the equation by
factorising or by the use of the quadratic formula.

Factorisation:

Let’s consider equations which are able to factorise in the following way,

ax2 + bx+ c = (c1x+ c3)(c2x+ c4).

Where c1, c2, c3 and c4 are constants. Firstly, note whether c > 0 or c < 0. When c > 0
(c is positive) both your factorisation brackets will have the sign of b.

EXAMPLE 8

x2 + 4x+ 3

EXAMPLE 9

x2 � 4x+ 3

When c < 0 (c is negative) your factorisation brackets will have opposite signs no matter
the sign of b.

EXAMPLE 10

x2 + 2x� 3

EXAMPLE 11

x2 � 2x� 3

Now that we have established what signs should be in our brackets we have to calculate
the values of all our constants (c1, c2, c3, c4). Let’s consider the following equation,

3x2 � 3x� 6 = 0 (1)
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where a = 3, b = �3 and c = �6. In order to solve for the constants we need to
identify all multiplication factors of a and c. In this case a is very simple since the only
possible multiplication factors are 1 and 3, but c has two choices for its factors being either
c = �(2)(3) or c = �(1)(6). Let’s discuss the steps to figuring out which pair is required.

Figure 2: General formation of brackets

Write your first bracket above the second bracket, refer to figure 2. What do we know?
We know that the factors for a are 1 and 3. We also know that the brackets should consist
of di↵erent signs due to c < 0. c1 and c2 are determined by the factors of a, while c3 and c4
will be one of the factor pairs of c.

Once we substitute the values known to us we can determine the unknowns, refer to
figure 3.

Next we determine which factorisation pair solves the equation:

�3 = 3c4 + 1c3

Hopefully it is clear to see that c4 = �2 and c3 = 3 is the only possible choice. That
means my brackets must equal,

3x2 � 3x� 6 = (3x+ 3)(x� 2).

To double check your answer, firstly confirm that you do in fact have opposite signs in
your brackets (due to c < 0). Secondly you can multiply your brackets out again and that
should yield the original quadratic equation.

The next form of factorisation is known as the Factorisation of two squares. Let’s
consider the general form:

x2 � a2 = (x+ a)(x� a), (2)
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Figure 3: Factorisation brackets

where a is a constant. Firstly we note that the one term is subtracted from the other
term. Secondly we note that the square root can be taken of our constant term to determine
the value of a. In other words, possible values for a might be:

a2 = 12 = 1

= 22 = 4

= 32 = 9

= 42 = 16

= 52 = 25

etc. The signs in the brackets will always be opposite and since a equals itself there is no
confusion as to where a certain value must be placed. Thus by solving for a you can easily
factorise equations of this form.

Example 12

x2 � 144

[Completing the square: Solving quadratic equations by completing the square will not
be examined]

The last factorisation technique we still need to discuss is the use of the quadratic formula.
Let’s take a look at the formula:

x =
�b±

p
b2 � 4ac

2a
.
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Technically this method can always be used, but is best to use as a last resort. All there
is to this technique is plugging in the correct values for the unknowns in the formula. Lets
look at an example.

Example 13

10x2 = 6 + 9x

1.1.2 Solve for x (inequalities)

When solving inequalities all the same rules and techniques hold, the only di↵erence is that
our answer are now continuous. This means we now solve for an interval, of which any x
value that is an element of that interval, will solve the problem.

How do we identify these problem? These problems appear identical to equality problems,
with the only exception being the equality sign is replaced by any of the following: <,>,
or �. Knowing this, your first step will once again be to simplify and rewrite the problem
in the form,

ax2 + bx+ c < 0

with the < sign being interchangeable with any of the previously stated options.
Let’s establish what the di↵erent signs tell us about the interval we are calculating.

Firstly we will consider the sign which indicate that our function is strictly less than or
greater than zero. This means that the specific x�values for which our function is equal to
zero will not be included in our solution interval.

(a) f(x) < 0
(b) f(x) > 0

Figure 4: Visual illustration of solution interval for function strictly less than or greater than
zero

Graph 4a in figure 4, illustrates the area enclosed by the solution interval for a quadratic
function of the form ax2 + bx + c < 0. The interval can be denoted by x 2 (x1, x2), where
the round brackets indicate that the x�values, x1 and x2, are not included in the solution
interval (x1 is represented by the smaller root and x2 represents the greater root (x1 < x2)).

Graph 4b, illustrates the area enclosed by the solution interval for a quadratic function of
the form ax2+bx+c > 0. The interval can be denoted by x 2 (�1, x1)[ (x2,1), where the
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round brackets indicate that the x�values, x1 and x2, are still not included in the solution
interval.

Next we observe how the notation is changed when the root values (x1 and x2) are
included in the solution.

When our quadratic function is of the form ax2 + bx + c  0 the solution interval is
denoted by x 2 [x1, x2], where the square brackets indicate that the root values (x1 and x2)
are definitely included in the solution. Similarly when our quadratic function is of the form
ax2 + bx+ c � 0 the solution interval is denoted by x 2 (�1, x1] [ [x2,1), where the root
values are enclosed by square brackets. Note that neither ± infinity are enclosed by square
brackets. This is ALWAYS the case. In other words when we want to indicate that x is any
value on the whole x�axis, we do so by writing x 2 (�1,1). Lets look at some examples.

EXAMPLE 14
Consider the following equation,

(x� 2)(x+ 5) > �6

EXAMPLE 15
Consider the equation,

p
5� 4x2  x� 2

EXAMPLE 16 Lets discuss an example of a cubic function. Consider,

2x3 + 8x2 + 6x � 0.

1.1.3 Solving for x (Exponential)

In this section we will cover how to solve for the value of x when it appears as an exponential
of a base number. This means we will encounter integers raised to the power of a function
that depends on x. Our goal will be to rewrite all terms with the same base allowing us to
only examine the exponents. This will become clear by working through some examples.

EXAMPLE 17
Consider,

5x + 3.5x+1 = 400

EXAMPLE 18

22x � 9.2x + 8 = 0

1.1.4 Simplify equations

These types of question appear in some complex algebraic mess and you are supposed to
use skills learnt from exponential rules and factorisation to simplify the expression. We will
simply address a few examples to cover any techniques (or rules) that have not been explored
yet.

Example 19
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Simplify the following expression

32019 + 32017

27672

Techniques/rules we will use:

• Rewriting the base 27 to a base of 3.

• Factorising out the largest possible factor of 3 out of each terms.

• Simplify the fractional exponents by using xa+6

xb�4 = xax6

xbx�4 = xax�bx6+4 = xa�b+10.

EXAMPLE 20 (Advanced)
(Question form November 2018 Paper 1 [Q:1.3])
If 39x = 64 and 5

p
p = 64, calculate, WITHOUT the use of calculator, the value of

(3x�1)3
p
5
p
p
.

Steps:

• Simply the numerator and denominator striving to be able to substitute in the given
values.

• Numerator: Use the exponential rule (xa)b = x(a⇥b) and then simplify.

• Denominator(HINT): Square the denominator and then take the square root and then
simplify.

• Apply similar technique as previous hint to numerator and then simplify.

• Substitute given values and simplify.

1.1.5 Solve simultaneous equations

(VERY IMPORTANT - IN ALL FINAL EXAMS)
Simultaneous equations are used to solve for multiple unknown variables. In order to

solve for two unknowns we need two equations, to solve for three unknowns we need three
equations, thus in order to solve for n unknowns we need n equations. Luckily, you will only
be tested on solving for two unknowns.

In most cases you will be given two equations, each containing the same two unknown
variables (not limited to x and y but they are most commonly used). The method to solving
this problem is to choose one of the equations and isolate one of the unknowns by writing it
in terms of the other unknown and more than likely some numerical values. You will use the
expression for this single variable as a substitution into the second equation that you have
not yet used. This will yield a numerical solution to your second unknown variable, which
in turn you can use to solve for your initially isolated variable. Lets apply this method to
some examples.
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EXAMPLE 21
(Question form November 2013 Paper 1 [Q:1.2])
Solve simultaneously for x and y, given,

y + 2 = x

y = x2 � x� 10.

EXAMPLE 22
(Question form February 2012 Paper 1 [Q:1.2])
Solve simultaneously for r and p,

6r + 5rp� 5p = 8

r + p = 2.

EXAMPLE 23
(Question form November 2011 Paper 1 [Q:1.2])
Consider,

x2 + 5xy + 6y2 = 0.

1. Calculate x
y .

2. Calculate x and y if x+ y = 8.

1.2 Sequences and Series

1.2.1 Determine Tn

You are given a sequence or a series. Help, what do you do? It is imperative that you know
what type of sequence you are working with. You will either have to determine what type
of sequence you are working with or it will be stated. Why is it important to know what
sequence you are working with? So that you can use the correct equation corresponding to
that specific type of sequence. Your options consist of:

• Arithmetic (linear)

• Quadratic

• Geometric (exponential)

• Combination: a sequence consisting of a combination of the previously mentioned
types.

Consider the situation where you are presented a sequence without being told what type
it is and it can not be established by simple inspection. Lets examine the steps to take, in
order to identify the sequence type.
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• Test for arithmetic. This is the simplest of tests so it makes sense to start here.
Check whether you have a common first di↵erence.

• Test for quadratic. No common di↵erence? Check for a common second di↵erence.

• Test for geometric. Absolutely no form of a common di↵erence? You are most likely
dealing with a geometric sequence. Check for a common ratio.

• Still nothing. You have either made a mistake in one of the previous steps or you
are given a combination of two sequences. It is highly unlikely that you will be given
a combination without it being explicitly stated, but in the event of being exposed to
this situation be aware that they typically can be found where two sequences have been
intertwined in a way where every second term belongs to each respective sequence or
where each term is a fraction with the numerators representing one sequence and the
denominators the other.

We now know what sequence we are given, either because it was explicitly stated or we
followed the steps mentioned above. The logical next step is to compute the general formula
for the sequence.

Lets solve some problems with the use of this method and identify helpful techniques
that can come in handy in unfamiliar situations.

EXAMPLE 1
Given the sequence below, determine the type of sequence:

�3,�12,�48,�192, ...

EXAMPLE 2
(Question form November 2012 Paper 1 [Q:2.1])
3x+1; 2x; 3x� 7 are the first three terms of an arithmetic sequence. Calculate the value

of x.
Solving sums

Our next point of interest is determining the sum of a sequence/series. Just note, a series
is formed by adding the terms in a sequence and calculating the addition of all terms results
in the sum.

When asked to sum a certain amount of terms i.e 8, you may be asked to solve S8 which
is the addition of the first 8 terms. Otherwise you could be asked to solve the sum, expressed
in sigma notation. Lets briefly discuss sigma notation again. Consider the general from:

⌃n
k=1Tk.

In this sum we are summing over the term Tk from k = 1 to k = n. The total amount
of terms you sum during sigma notation is expressed as n� k + 1 thus for this general case,
since k starts at one we will sum exactly n-terms. (If you need to write out a short sum to
explain the number of terms do so, should not be necessary in most cases). Tk is once again
our general form associated to a certain sequence (as calculated in previous examples). Lets
write a given series in sigma notation:
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2 + 6 + 12 + 20 + ...+ n

Firstly we need to determine the general formula of the series and in order to do that we
need to establish what type of series we are given. Thus we start by testing for arithmetic:

T2 � T1 = 6� 2 T3 � T2 = 12� 6 T4 � T3 = 20� 12

= 4 = 6 = 8

No such luck. Next we test quadratic:

T32 � T21 = 6� 4 T43 � T32 = 8� 6

= 2 = 2

We have a winner. We definitely have a quadratic series, thus we can solve for the general
form of Tn = an2 + bn+ c.

2a = 2 3a+ b = 4 a+ b+ c = 2

a = 1 3(1) + b = 4 1 + b+ c = 2

b = 1 1 + 1 + c = 2

c = 0

Thus we have that Tn = n2 + n is the general form of our series. Now we assemble our
sigma notation and it looks as follow:

⌃n
k=1k

2 + k.

Next we solve a problem that is given in the form of a sigma notation.
Example 3
Expand and then calculate the following:

⌃7
r=03.2

r

Example 4
Calculate the sum of the series:

3 + 5 + 7 + ...+ 111

Sums to infinity

What happens when we are asked to solve a sum for a series/sequence that has infinite
terms? When confronted with a geometric series/sequence the sum of the terms can either
converge or diverge. What does this mean? Lets first take a look at the graph of a exponential
function (representation of a geometric series written in its general form).

Examine both these graphs. Note that as x becomes larger (tends to infinity) the first
graph tends towards an asymptote. That means that the function values tend to a single
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(a) Converge
(b) Diverge

Figure 5: Exponential functions.

value. As x becomes larger f(x) or y tends to a constant c. Thus when you are asked to sum
a series of a converging series/sequence, the sum (just like the graph) tends to a constant.
On the other hand the second graph keeps growing as x tends to infinity. The function
value never stabilises and f(x) does not tend to a single value. This is known as a diverging
function. When you are confronted with a diverging series or sequence you cannot equate
a sum as it will most definitely tend to infinity (keep growing by a significant amount with
each term that is added).

This is the reason a sum to infinity can exist or not exist.
Lets look at an example.
EXAMPLE 5
Calculate the following (if it exists):

⌃1
n=12.10

1�n
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